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SPIN CONTENT OF THE QUANTUM SOLITON
A.Dubikovsky and K.Sveshnikov1
Department of Physics, Moscow State University, Moscow 119899, Russia
The classical soliton solution, quantized by means of suitable transla-
tional and rotational collective coordinates, is embedded into the one-particle
irreductible representation of the Poincare group corresponding to a definite
spin. It is shown, that within the conventional quasiclassical expansion such
embedding leads to a set of nontrivial consistency conditions imposed on the
classical solution. The validity of these relations is considered for a number of
soliton models in 2+1- and 3+1-dimensions.
Solitons with spin play an essential role in describing extended parti-
cles, such as baryons in the soliton skyrmeon models in 3+1-dimensional
spacetime [1], and anyons with fractional spin and statistics in the planar
case [2]. Within the framework of the quasiclassical soliton quantization
it is assumed usually, that the spherically non-symmetric classical soliton
solution acquires the spin by introducing suitable rotational collective co-
ordinates [3]. Such procedure restores the broken rotational symmetry by
cancellation of corresponding zero modes and yields states with physical
quantum numbers of the total angular momentum operators. In the pla-
nar case, such procedure has been studied in ref. [4]. In 3+1-dimensions
a typical example of such kind gives the recent development of skyrmeon
baryon model (see refs. [5] and references therein). However, in the lorentz-
covariant theory the consistent interpretation of the resulting ground state
as an extended particle with a spin should be more restrictive. Namely,
it requires the fulfillment of the one-particle irreductible representation of
the Poincare group corresponding to the same spin and mass [6].
In the present paper, we give an analysis of such embedding for the
soliton, quantized by means of translational and rotational collective co-
ordinates, into corresponding representation of the Poincare group. The
result is that the consistency of this embedding is provided by an addi-
tional set of nontrivial integral relations imposed on the classical soliton
solution. These conditions do not be automatically consistent with the
equations of motion and so yield some superselection rules for the classical
solution to be interpreted as a spinning particle upon quantization. We
show also that the typical hedgehog-type classical configurations of the
chiral σ-models satisfy these conditions independently of the choice of the
shape of the chiral angle, both in 2+1- and 3+1-spacetimes.
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As a first step, we consider a nonlinear scalar field in 3 spatial dimen-
sions, described by the Lagrangean density
L =
1
2
(∂µϕ)
2 − U(ϕ), (1)
which possesses a static soliton solution
ϕc(x) = u(~x). (2)
According to the virial theorem, such solutions are unstable in more then
one spatial dimension, but for our purposes it is not so important compared
to simplicity of presentation. The angular momenta J i and Lorentz boosts
K i are given by
J i =
∫
d~x εijk x
j T k0 =
∫
d~x εijk xj ∂kϕ π. (3)
K i =
∫
d~x
(
x0T i0 − xiT 00
)
= x0P i −
∫
d~x xi H, (4)
In these expressions T µν is the energy–momentum tensor, P i =
∫
d~x T i0
are the spatial momenta, H = T 00 = πϕ˙−L(ϕ) is the Hamiltonian density
and π = ∂L/∂ϕ˙ is the canonical field momentum.
Quantization of the soliton sector in the neighborhood of the classical
solution (2) proceeds within the canonical collective coordinate framework
[7]. For our purposes it is convenient to consider the field ϕ(~x) in the
Schro¨dinger picture. The substitution, introducing translational and rota-
tional collective coordinates, reads
ϕ(~x) = u
(
R−1(~c)(~x− ~q)
)
+Φ
(
R−1(~c)(~x− ~q)
)
, (5)
where Φ is the meson field, R(~c) is the rotation matrix, ~q and ~c are the
translational and rotational collective coordinates correspondingly.
For the rotation group we use the vector-parametrization [8], when
the rotation matrix R(~c) is represented as
R(~c) = 1 + 2
c× + c×
2
1 + c2
=
1− c2 + 2c× + 2c · c
1 + c2
, (6)
where c×ab = εadbcd, (c · c)ab = cacb, c
2 = ~c ~c. The composition law for vector-
parameters, corresponding to product of rotations R(~a) R(~b) = R(~c), is
given by
~c = 〈~a, ~b〉 =
~a+~b+ ~a×~b
1− ~a ~b
, (7)
what is the simplest group composition law after the abelian one [8]. The
generators of infinitesimal rotations are
~S = −
i
2
(
1 + c · c+ c×
) ∂
∂~c
, (8)
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while the finite rotations U(~a), defined so that U+(~a) ~b U(~a) = 〈~a, ~b〉, take
the form
U(~a) = exp
{
−2i~a~S
}
. (9)
Returning to the decomposition (5), one finds that the total momen-
tum of the field is now represented as
~P = −i
∂
∂~q
, (10)
and the total angular momentum is equal to
~J = ~L + ~S, (11)
where ~L = ~q × ~P is the orbital momentum and the spin ~S is defined by
eq.(8).
The gauge fixing conditions, preserving the total number of degrees of
freedom, are chosen in the conventional form as linear constraints imposed
on the meson field Φ(~y) [7]∫
d~y N (α)(~y) Φ(~y) = 0. (12)
The set {N (α)(~y)} should ensure the cancellation of the zero-frequency
modes from the mesonic spectrum and is defined as follows. In the gen-
eral case, the spherically non-symmetric classical solution u(~x) yields three
translational zero modes
ψi(~x) = ∂iu(~x), (13)
and three rotational
fi(~x) = εijkxj∂ku(~x). (14)
Let us denote M (α)(~y) = {ψi(~y), fi(~y)}. Then N
(α)(~y) are given by linear
combinations of M (β)(~y) subject of relations∫
d~y N (α)(~y) M (β)(~y) = δαβ. (15)
The crucial point here is that, under very general conditions in the lorentz-
covariant field theory described by the Lagrangean (1) the system of zero-
frequency modes is orthogonal [9], namely∫
d~ξ ψi(~ξ) ψj(~ξ) = Mδij , (16)∫
d~ξ ψi(~ξ) fj(~ξ) = 0, (17)∫
d~ξ fi(~ξ) fj(~ξ) = Ωij = Ωiδij , (18)
where M is the mass and Ωij are the moments of inertia of the classical
solution, so one immediately gets
N (α)(~y) = {ψi(~y)/M, fi(~y)/Ωi}. (19)
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Now let us briefly discuss the corresponding transformation of the
canonical momentum π(~x). In the Schro¨dinger picture, it is calculated as
a composite derivative
π(~x) = −i
δ
δϕ(~x)
=
∂~c
∂ϕ(~x)
(
−i
∂
∂~c
)
(20)
+
∂~q
∂ϕ(~x)
(
−i
∂
∂~q
)
+
∫
d~y
δΦ(~y)
δϕ(~x)

−i δ
δΦ(~y)

 .
Here it should be noted, that in this approach the resulting expression for
π(~x) is not explicitly hermitian, since one has to take into account the
change in the functional measure after introducing the collective variables
[10]. However, these effects are of essentially quantum origin and therefore
lye beyond the leading quasiclassical approximation, which will be used
below.
Now, calculating from eq.(12) the derivatives ∂~q/∂ϕ(~x) and ∂~c/∂ϕ(~x)
and taking account of the orthogonality conditions (16-18), one gets the fol-
lowing lowest-order contribution to π(~x) from collective degrees of freedom
(for details see ref.[9])
π(~x) = −ψi(~ξ) R
−1
ij (~c)
Pj
M
− fi(~ξ) Ω
−1
ik R
−1
kl (~c) Sl, (21)
In eq.(21) ~ξ = R−1(~c)(~x− ~q), ~P and ~S are the momentum and the spin of
the field defined earlier, and the contributions to π(~x) from the meson field
and momentum are completely neglected. So the expression (21) should
be identified indeed with the canonical momentum of the soliton field in
the leading quasiclassical approximation.
Now we put the quasiclassical soliton field u(R−1(~x−~q)) and its canon-
ical momentum defined in eq.(21) into corresponding Noether expressions
for Lorentz generators (3,4) and demand for their coincidence with the
corresponding one-particle representation of the Poincare group with the
same massM and spin S. It means, that the Lorentz generators Jµν should
take the form [6]
J i = εijk q
jP k + Si, (22)
K i = q0P i − qiP 0 −
εijk P
jSk
P 0 +M
. (23)
Firstly, it is a trivial task to verify, that inserting into eq.(3) the soliton
operators, one gets identically the eq.(22), provided by the orthogonality
conditions (16–18). Actually, this result reflects the relation (11) for the
total angular momentum, which is the direct consequence of the group
properties included into the initial eq.(5) and therefore holds for all orders
of perturbation expansion.
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Applying the same procedure to the Lorentz boost operators (4), in
the first step we note, that the term
∫
dξ ξi
(
1
2
(~∂u)
2
+ U(u)
)
(~ξ)
can be always cancelled by a spatial translation, what means that the center
of mass of the classical soliton is fixed at the origin in the ~ξ-reference frame.
So we obtain
K i = x0P i − qiP 0 −
∫
d~ξ Rijξj
1
2
π2(~ξ). (24)
Inserting the expression (21) into eq.(24), we get further
K i = x0P i − qiP 0 −
−(Ω−1kl R
−1
lmSm)(R
−1
nr
Pr
M
)Rij
∫
d~ξ ξj fk(~ξ) ψn(~ξ) (25)
−
1
2
(Ω−1kl R
−1
lmSm)(Ω
−1
nsR
−1
sr Sr)Rij
∫
d~ξ ξj fk(~ξ) fn(~ξ)
−
1
2
(R−1kl
Pl
M
)(R−1nm
Pm
M
)Rij
∫
d~ξ ξj ψk(~ξ) ψn(~ξ).
Now let us take into account, that when in the initial decomposition
(5) the classical solution is taken as a static soliton u(~ξ), the resulting the-
ory turns out to be essentally non-relativistic, what results, in particular,
in the lowest-order soliton Hamiltonian of the form
H = M + P 2/2M + quantum corrections.
So by equating the soliton boost operator (25) to corresponding operator
of the spinning particle given by eq.(23) we have to use in the latter the
non-relativistic approximation too and replace P 0 by M to the leading
order. Then the final result is the following set of subsidiary conditions
imposed on u(~x)
∫
d~ξ ξi ψj(~ξ) ψk(~ξ) = 0, (26)∫
d~ξ ξi fj(~ξ) fk(~ξ) = 0, (27)∫
d~ξ ξi ψj(~ξ) fk(~ξ) =
1
2
εijl Ωlk. (28)
These relations can be understood as a criterion of ”particle-likeness”
for the classical soliton field, describing a spinning particle. It should be
noted, that whereas the orthogonality conditions (16–18) are valid for any
static classical solution due to the general properties of lorentz-covariance
and so are automatically consistent with equations of motion [9], the re-
lations (26–28) are more strong and restrictive. Namely, the eqs. (17)
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and (18) are the direct consequences from eqs.(26) and (28) correspond-
ingly. Moreover, there might exist a static solution u(~x), that describes a
two-soliton configuration and so cannot be consistent with the one-particle
representation of the Poincare group. In this case the relations (26–28)
obviously do not hold.
On account of these general considerations we show now that the
typical hedgehog configurations of nonlinear σ-models describe spinning
particles independently of the profile of their chiral angles. In two spatial
dimensions, we consider the O(3) σ-model, described by the Lagrangean
density
L =
1
2
∂µϕ
a∂µϕa (29)
with subsidiary condition
ϕaϕa = 1. (30)
This theory is a planar analog of the Skyrme model and is hoped to re-
veal the fractional spin and statistics after adding the Hopf term [2, 11].
The standard one-particle solution of the model is given by the ”baby-
hedgehog” Ansatz [12]
ϕ1 = φ(r) cosnϑ, ϕ2 = φ(r) sinnϑ, ϕ3 = (1− φ2)
1/2
, (31)
where r, ϑ are polar coordinates and
φ(r) =
4rn
r2n + 4
, (32)
and describes the ”baby-skyrmeon” configuration with the topological charge
Q = n and the mass M = 4πQ. In the case of 2 spatial dimensions we
have two translational ψai = ∂iϕ
a, (i = 1, 2) and only one rotational
f a = εij ξi∂jϕ
a zero modes for each isospin component ϕa . The relations
(26–28) take now the form∫
d~ξ ξi ψ
a
j (
~ξ) ψak(
~ξ) = 0, (33)∫
d~ξ ξi f
a(~ξ)f a(~ξ) = 0, (34)
∫
d~ξ ξi ψ
a
j (
~ξ) f a(~ξ) =
1
2
εij Ω , (35)
where
Ω =
∫
d~ξ f a(~ξ)f a(~ξ) = 2πn2
∞∫
0
rdr φ2(r). (36)
It is easy to verify, that the straightforward substitution of eqs.(31) into
the relations (33–35) leads to eq.(36) as the consistency condition. Thus,
the baby-skyrmeon solution (31) corresponds to the spinning particle for
any choice of the chiral angle (32).
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In 3+1-dimensional spacetime, we consider the SU(2)-Skyrme model
described by the Lagrangean [5]
L = −
1
4
tr L2µ +
1
32
tr [LµLν]
2, (37)
where, as usually, Lµ = U
−1∂µU is the left chiral current and U =
exp{iτaφa} is the chiral field ( τa are Pauli matrices). In terms of three
independent fields φa the expression (37) can be rewritten as [13]
L =
1
2
φ˙a Mab(~φ) φ˙b − V (~φ), (38)
where
Mab(~φ) =
φaφb
|φ|2
+
sin2|φ|
|φ|2

δab − φaφb
|φ|2

+

sin2|φ|
|φ|4
−
sin4|φ|
|φ|6

 ×
×
[
(∂iφc∂iφc)φaφb +
1
2
∂i|φ|
2
(
1
2
∂i|φ|
2δab − ∂i(φaφb
)]
(39)
+
sin4|φ|
|φ|4
[(∂iφc∂iφc)δab − ∂iφa∂iφb] ,
V (~φ) =
1
2
[
γii +
1
2
(γiiγjj − γijγij)
]
, (40)
and γij is given by
γij =
1
4|φ|2

1− sin
2|φ|
|φ|2

 ∂i|φ|2∂j|φ|2 + sin
2|φ|
|φ|2
(∂iφc∂jφc).
From the Lagrangean (38) we find the Hamiltonian density
H =
1
2
πa M
−1
ab (
~φ) πb + V (~φ), (41)
where the canonical field momentum is πa = Mab(~φ) φ˙b. (Since the Skyrme
model is non-renormalizable, our treatment of the model should be essen-
tially quasiclassical and so doesn’t take care of the operator ordering.)
The treatment of the Skyrme model differs from the theories con-
sidered below in that point, that it contains terms of the 4th order in
derivatives. As a result, all the scalar products of the model, in particular,
the orthogonality conditions (16–18) in the vicinity of the static classical
solution φac(
~ξ) acquire a nontrivial integration measure. It is easy to
verify, that for the Lagrangean (38) the weight function in the integration
measure is Mab(φc(~ξ)) . Namely, the general form of the orthogonality
conditions for translational modes can be written as [9]
∫ ∂L(~φ)
∂∂jφa(~ξ)
∂iφa(~ξ) d~ξ = Mδij.
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The straightforward substitution of the Lagrangean (38) in this expression
gives
∂L(~φ)
∂∂jφa(~ξ)
∂iφa(~ξ) = ∂iφa Mab(~φ) ∂jφb ≡ ψ
a
i Mab(
~φ) ψbj .
With minor modifications this result can be extended to other relations
between translational and rotational zero modes, i.e. the orthogonality
conditions take now the form
∫
d~ξ ψai (
~ξ) Mab(φc(~ξ)) ψ
b
j(
~ξ) = Mδij , (42)∫
d~ξ ψai (
~ξ) Mab(φc(~ξ)) f
b
j (
~ξ) = 0, (43)∫
d~ξ f ai (
~ξ) Mab(φc(~ξ)) f
b
j (
~ξ) = Ωij = Ωiδij. (44)
In a more general approach, the weight function for the scalar product
of zero modes in the Skyrme model can be determined through the small
fluctuations equation, although the complete treatment of the fluctuation
spectrum should be ambiguous due to non-renormalizabilty of the model.
The corresponding linearized equation, in the neighborhood of the static
classical solution ~φc(~x), takes the form
Mab(φc(~x)) ∂
2
tΦb(~x, t) = Λab(φc(~x),
~∂) Φb(~x, t), (45)
where Λab = Λ
+
ba. From the latter property of Λab it is easy to verify by
conventional methods, that the scalar product for eigenfunctions of the
corresponding spectral problem should be taken indeed in the form
∫
(ψa1)
∗Mab(φc)ψ
b
2 .
Now, using the same reasoning as by derivation of relations (26–28),
we get the following set of ”particle-likeness” conditions for the classical
solutions in the Skyrme model
∫
d~ξ ξi ψ
a
j (
~ξ)Mab(φc(~ξ)) ψ
b
k(
~ξ) = 0, (46)∫
d~ξ ξi f
a
j (
~ξ) Mab(φc(~ξ)) f
b
k(
~ξ) = 0, (47)
∫
d~ξ ξi ψ
a
j (
~ξ) Mab(φc(~ξ)) f
b
k(
~ξ) =
1
2
εijl Ωlk , (48)
where the moments of inertia of the classical configuration are defined in
(44). Now we verify the eqs.(46-48) for the standard hedgehog configura-
tion
φa =
ra
r
φ(r) = naφ(r). (49)
In this case
Mab(r) = δab f1(r) + nanb f2(r), (50)
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where f1(r) and f2(r) are given by
f1(r) =
sin2φ
φ2

1 + φ′2 + sin
2φ
r2

 ,
f2(r) = 1−
sin2φ
φ2
(
1−
1
r2
(2φ2 − sin2φ) + φ′
2
)
.
For this configuration the integrals in the l.h.s. of eqs.(46) and (47) vanish
exactly provided by the symmetry properties of the Ansatz (49). Further,
after some algebra the l.h.s of eq.(48) yields
∫
d~ξ ξi ψ
a
j (
~ξ) Mab f
b
k(
~ξ) =
4π
3
εijk
∫
r2dr φ2(r)f1(r), (51)
while
Ωij =
8π
3
δij
∫
r2dr φ2(r)f1(r). (52)
So we obtain, that the conditions of particle-likeness (46–48) for the hedge-
hog configuration are satisfied in 3 spatial dimensions as well, and once
more it holds independently of the profile of the function φ(r) . Thus,
the soliton (49) of the SU(2)-Skyrme model might be embedded into the
irreductible representation of the Poincare group for the particle with spin
without any restrictions on the shape of the chiral angle.
To conclude let us mention, that the present analysis can be easily
extended to other soliton models including vector fields, etc. On the other
hand, the relations (26-28), being independent of equations of motion, can
play an essential role of additional constraints in approximate calculations
as well. For example, they can be explored as a test for various sample
functions, used in describing the shape of the skyrmeon [1,5]. Concerning
the Skyrme model, our analysis is consistent with the well-known result
[5,14], that the spin of SU(2)-skyrmeon can be arbitrary. The results of
application of the present analysis to the SU(3)-skyrmeons with the half-
odd spin will be reported separately.
This work is supported in part by Russian Universities Scientific Pro-
gram.
9
References
[1] T. H. R. Skyrme, Proc. Roy. Soc.A260 (1961) 127; G. Adkins, C. Nappi and E. Wit-
ten, Nucl. Phys. B228 (1983) 552; G. Adkins and C. Nappi, ibid. B233 (1984) 109.
[2] F. Wilczek and A. Zee, Phys. Rev. Lett. 51 (1983) 2250; R.MacKenzie and F.Wilczek,
Int. Journ. Mod. Phys. A3 (1988) 2827.
[3] R.Rajaraman, Solitons and Instantons (North-Holland, Amsterdam, 1982).
[4] N.J.Papastamatiou, H.Matsumoto and H.Umezawa, Progr. Theor. Phys. 69 (1983)
1647.
[5] I.Zahed and G.E.Brown, Phys. Rep. 142 (1986) 1; G.Holzwarth and B.Schwesinger,
Rep. Prog. Phys. 49 (1986) 825; V.G.Makhan’kov, Yu.P.Rybakov and V.I.Sanyuk,
Usp. Fiz. Nauk 162 (1992) 1.
[6] J.Schwinger, Particles, Sources and Fields (Addison-Wesley Publishing Company
Reading, Massachusetts, 1970); A.O.Barut and R.Raszka, Theory of group represen-
tations and applications (PWN—Polish Scientific Publishers, Warsaw, 1977).
[7] J.-L.Gervais and A.Jevicki, Nucl. Phys. B110 (1976) 93; E.Tomboulis and G.Woo,
Ann. Phys. (N.Y.) 98 (1976) 1; O.A.Khrustalev, A.V.Razumov and A.Yu.Taranov,
Nucl. Phys. B172 (1980) 44.
[8] F.I.Fedorov, The Lorentz Group (Nauka, Moscow, 1979).
[9] A.Dubikovsky and K.Sveshnikov, Phys. Lett. B317 (1993) 381.
[10] J.A.Parmentola, X.-H. Yang and I.Zahed, Ann. of Phys. (NY) 209 (1991) 124.
[11] N.K.Pak and R.Percacci, Phys.Rev. D43 (1991) 1375; H.Otsu and T.Sato,
Mod.Phys.Lett. A6 (1991) 2775; T.R.Govindarajan, R.Shankar, N.Shaji and
M.Sivakumar, Int. Journ. Mod. Phys. A8 (1993) 3965.
[12] A.A.Belavin and A.M.Polyakov, JETP Lett. 22 (1975) 681.
[13] D.P.Cebula, A.Klein and N.R.Walet, J. Phys. G: Nucl. Part. Phys. 18 (1992) 499.
[14] A.Balachandran, TASI Lectures at Yale University (1985); I.J.R.Aitchison, Acta
Phys.Pol. B18 (1987) 207.
10
